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D-BRANE CHARGE, FLUX QUANTISATION AND
RELATIVE (CO)HOMOLOGY
JOSÉ M FIGUEROA-O'FARRILL AND SONIA STANCIU
Abstrat. We reonsider the problem of U(1) ux and D0-harge
for D-branes in the WZW model and investigate the relationship
between the dierent denitions that have been proposed reently.
We identify the D0-harge as a partiular redution of a lass in
the relative ohomology of the group modulo the D-submanifold.
We investigate under whih onditions this lass is equivalent to
the rst Chern lass of a line bundle on the D-submanifold and we
nd that in general there is an obstrution given by the ohomology
lass of the NS 3-form. Therefore we onlude that for topologially
nontrivial B-elds, there is stritly speaking no U(1) gauge eld
on the D-submanifold. Nevertheless the ambiguity in the ux is
not deteted by the D0-harge. This has a natural interpretation
in terms of gerbes.
1. Introdution
D-branes in Lie groups have reeived a great deal of attention re-
ently. They provide an ideal laboratory for the study of D-branes
in nontrivial string bakgrounds, as they are amenable to both miro-
sopi analysis via the algebrai methods of boundary onformal eld
theory and to the more standard eld theoreti tehniques based on
sigma models and the path integral. Moreover it is preisely in the
ombination of these two rather dierent approahes that many of the
reent developments have taken plae.
One of these reent developments onerns the problem of stability
of D-branes and the denition and quantisation of their D0-harge [1,
2, 3, 4, 5, 6, 7, 8, 9, 10℄, about whih several somewhat dierent points
of view seem to emerge. Our motivation in this paper is to further
explore these points of view.
Throughout this paper we will refer to the submanifolds on whih
D-branes an wrap as D-submanifolds. In the ase of the WZW model,
the D-submanifolds in question are desribed by (twisted, shifted) on-
jugay lasses [11, 12, 13, 14℄. In general these submanifolds are not
minimal (although see [15℄ for an example of a totally geodesi twisted
onjugay lass in SU(2) × SU(2)) and hene they are not stabilised
gravitationally. This is hardly surprising as the metri is not the only
Edinburgh MS-00-010, Spin 2000/19, arXiv:hep-th/0008038.
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eld in the bakground: there is also a B-eld, or more preisely a
losed 3-form H with integral periods.
The stability of a D-brane wrapping suh submanifolds should there-
fore be related to this integrality ondition and should manifest itself
in the quantisation of the allowed D-submanifolds. There seem to be
at least two mehanisms through whih this may be explained. One
of them [11, 16, 2, 7℄ uses an argument whih an be understood as
the vanishing of the global worldsheet anomaly [17℄ in the lagrangian
desription of the boundary WZW model. Alternatively, it was argued
in [1℄ that the stability of these D-branes is a result of the quantisation
of the ux of a U(1) gauge eld on the D-brane.
As far as the denition of the D0-harge is onerned there seem to be
a number of andidates. As we will reall below, the data desribing
a D-submanifold in a Lie group is a pair (Q, ω) where Q is, in the
simplest ase, a onjugay lass and ω is a two-form on Q suh that
dω = H there. Aording to one view [1, 2℄, the D0-harge of the
D-brane is dened by the ux of the gauge invariant two-form eld
ω on the D-submanifold. If one omputes expliitly the spetrum of
this D0-harge for the possible D2-branes in SU(2), one obtains that
these harges are not quantised; however their values agree with the
RR harges as obtained from the boundary state approah. This is the
harge reently identied in [6℄ as the brane soure harge.
A seond andidate denition of the D0-harge is obtained [3, 5℄ by
adding to the brane soure harge a bulk ontribution, suh that the
resulting D0-harge agrees with the ux of a U(1) gauge eld dened
on the D-submanifold. Aording to this view, the quantisation of the
D0-harge is a onsequene of the quantisation of the ux of this U(1)
eld. In the nomenlature of [6℄, this harge an be identied either
with the Page harge [5℄ or with the Maxwell harge [3℄, whih in this
ase oinide. This denition of the D0-harge requires a trivialisation
of the NS 3-form.
An alternative denition of the D0-harge of suh a D-brane was
proposed in [7℄ by one of the authors, where the quantisation of the
D0-harge is seen as a onsequene of the vanishing of the global world-
sheet anomaly for the boundary WZW model. This third denition is
essentially a Page harge, and one of the aims of this paper is to om-
pare this harge with the one in [3, 5℄.
Let Q be a D-submanifold in a ompat simple Lie group G and
let k be the level of the WZW model. Let H be the bi-invariant 3-
form in G and let ω be a 2-form on Q suh that H = dω there. We
will show that the harge in [7℄ an be identied with the redution
modulo k of the lass of (H,ω)/2π in the degree 3 integral relative
ohomology of G modulo Q. On the other hand, a U(1) gauge eld on
the D-submanifold would give rise to a lass in the degree 2 integral
ohomology of Q, namely the rst Chern lass of the orresponding
3line bundle. These two ohomology groups are related by a long exat
sequene in ohomology and studying this sequene will reveal that
the integral ohomology lass represented by H/2π is the obstrution
to assoiate a line bundle on Q with the relative lass [(H,ω)]/2π.
In other words, when H is topologially nontrivial there is stritly
speaking no line bundle on the D-submanifold; but rather, as we will
see, an equivalene lass of line bundles orresponding to the redution
modulo k of their rst Chern lasses, in suh a way that their uxes
also ompute the D0-harge. This has a natural interpretation in terms
of gerbes.
This paper is organised as follows. In Setion 2 we briey review
the geometry of the WZW model with and without boundary, pay-
ing partiular attention to the onsisteny onditions whih must be
met for the well-denedness of the quantum theory. The appropriate
mathematial framework for disussing these onditions is the relative
ohomology of the Lie group modulo the D-submanifold. In Setion 3
we study the relation between the D0-harge dened in [7℄ and ux
quantisation. We will nd that despite the absene in general of a line
bundle on the D-submanifold, the modularity of the D0-harge is suh
that the ux also omputes it. This modularity has a natural interpre-
tation in terms of gerbes. Finally in Setion 4 we summarise the main
points of the paper.
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2. D-branes in the boundary WZW model
In this setion we desribe the boundary WZW model; that is, the
WZW model assoiated to a worldsheet with boundary [18, 16℄. It is
instrutive to ompare this with the standard WZW model, so we
reall this briey rst. Although these results are not new, we believe
it is useful to ollet them here in a hopefully simpler form than has
been done until now.
2.1. The WZW model. Let Σ be a ompat Riemann surfae (with-
out boundary) and letG be a Lie group admitting a bi-invariant metri.
In order to irumvent speial ases assoiated with abelian groups or
with nonompat groups, we will assume that G is ompat semisim-
ple; although the theory is of ourse more general. The WZW model
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is the theory of maps g : Σ → G dened by the following ation:
I =
∫
Σ
〈
g−1∂g, g−1∂¯g
〉
+
∫
M
H , (1)
where M is a 3-dimensional submanifold of G with boundary ∂M =
g(Σ), and H = 1
6
〈θ, [θ, θ]〉, where θ is the left-invariant MaurerCartan
1-form on G and 〈−,−〉 is an invariant metri on the Lie algebra of G.
There is an obstrution to the existene of M , whih is measured by
the homology lass of g(Σ) in H2(G). Demanding that this lass vanish
for all g(Σ) is equivalent to demanding that H2(G) vanishes. This is
the ase, for instane, for G a ompat semisimple Lie group.1
Even when the obstrution is overome and suh an M found, the
ation depends on the hoie of M ; although beause the 3-form H
is losed, the equations of motion do not. Indeed if M ′ is another 3-
dimensional submanifold of G with boundary g(Σ), then M −M ′ is
a 3-yle and as observed originally in [19℄, the path integral is also
independent on the hoie of extension provided that∫
M−M ′
H ∈ 2πZ .
Demanding that this be the ase for all 3-ylesM−M ′, is equivalent to
the ohomology lass [H ]/2π ∈ H3(G;R) being integral. The denition
of H (as well as the kineti term) involves a hoie of bi-invariant
metri. For G a simple Lie group there is a unique onformal lass of
bi-invariant metris, and it is always possible to hoose a metri in this
lass for whih this integrality ondition is satised.
2.2. The boundary WZW model. Suppose now that Σ is a om-
pat Riemann surfae with nonempty boundary ∂Σ. The boundary is
homeomorphi to a disjoint union of irles. We will assume for sim-
pliity of exposition that the boundary is onneted, so that it onsists
of only one irle. The extension to the general ase does not repre-
sent any added diulties nor does it reveal any extra struture at this
level.
Dirihlet boundary onditions in the WZW model are desribed [18℄
by a submanifold ι : Q →֒ G of the Lie group and a 2-form ω on Q suh
that ι∗H = dω. The submanifold Q is alled a D-submanifold. The
WZW model orresponding to this boundary ondition is the theory of
maps g : Σ → G sending the boundary ∂Σ to Q, whih is governed by
1
For ompat Lie groups where H = 0 or nonompat groups where H is exat,
one an work with the B-eld diretly, without having to introdue the submanifold
M and hene avoiding any obstrutions. For these theories, it is the B-eld that
is part of the data and one does not impose that the theory be independent of this
hoie.
5the following ation
I =
∫
Σ
〈
g−1∂g, g−1∂¯g
〉
+
∫
M
H −
∫
D
ω , (2)
where M is a 3-dimensional submanifold of G with boundary ∂M =
g(Σ) +D where D is a 2-dimensional submanifold of Q. Applying the
boundary again, we see that g(Σ) and D have the same boundary with
opposite orientations. Therefore we an think of ∂M as the manifold
g(Σ) ∩∂ D obtained by gluing the worldsheet g(Σ) and D along their
ommon boundary, as in Figure 1.
Q
g(Σ)
D
M
Figure 1. The relation ∂M = g(Σ) +D. In the gure
M is the solid objet whose boundary is g(Σ)+D, where
D is ontained in the D-submanifold Q.
As in the ase of the WZW model, there is a homologial obstrution
to the existene of M . This time the relevant homology theory is the
relative homology ofGmoduloQ. Sine the boundary of the worldsheet
g(Σ) of the string lies in Q, g(Σ) is a relative 2-yle and denes a
homology lass in H2(G,Q). The existene of M and D ⊂ Q suh
that ∂M = g(Σ) +D simply says that g(Σ) ia a boundary modulo Q,
whene its relative homology lass is zero. Demanding that this be true
for all g(Σ) is equivalent to demanding that H2(G,Q) vanish.
Even when the existene of M (and hene D) is unobstruted, suh
M is generally not unique and the ation will depend on the hoie
of M . As in the WZW model, the equations of motion do not de-
pend on the hoie of M . (In fat, they do not depend on ω either,
only the boundary onditions do.) A ondition whih guarantees the
independene of the path integral on the hoie of M an again be
aptured ohomologiallythis time in the relative ohomology of the
pair (G,Q) [18, 16℄.
To see this let M1 and M2 be two 3-dimensional submanifolds of G
suh that ∂M1 = g(Σ) + D1 and ∂M2 = g(Σ) + D2 for some D1 and
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D2D1
M1 M2
g(Σ) g(Σ)
S
Z
Figure 2. Gluing M1 and M2 along g(Σ) to obtain the
relative yle Z, and gluing D1 and D2 along g(∂Σ) to
obtain its boundary ∂Z = S.
D2 in Q. Then the dierene in the WessZumino term is(∫
M1
H −
∫
D1
ω
)
−
(∫
M2
H −
∫
D2
ω
)
=
∫
M1−M2
H −
∫
D1−D2
ω .
Let Z = M1 −M2 and S = D1 −D2. Notie that
∂Z = ∂M1 − ∂M2 = Σ +D1 − (Σ +D2) = D1 −D2 = S .
Sine S ⊂ Q, Z is a yle modulo Q, whene it denes a lass in
the degree 3 relative homology of G modulo Q. We an piture Z as
obtained by gluing M1 and M2 along g(Σ) and S as gluing D1 and D2
along their boundary g(∂Σ), as shown in Figure 2.
The path integral is independent of the hoie of Z (and hene S)
provided that the quantity
C =
1
2π
(∫
Z
H −
∫
S
ω
)
(3)
is integral. As we now explain, this is simply the pairing between the
relative homology and the relative ohomology of G modulo Q (see,
e.g., [20, 21℄.
7The real relative ohomology of G modulo Q an be omputed from
the relative de Rham omplex. A relative p-form in this omplex on-
sists of a pair (α, β) where α is a p-form on G and β is a (p− 1)-form
on Q. The dierential is dened by d(α, β) = (dα, ι∗α − dβ) where
ι : Q → G is the embedding and ι∗ is the pullbak on forms. It obeys
d2 = 0 and the resulting ohomology is the relative de Rham ohomol-
ogy H∗(G,Q;R) of G modulo Q. Notie that a relative form (α, β) is
losed if α is losed in G and exat when restrited to Q: ι∗α = dβ.
As in the de Rham omplex, integration provides the pairing between
yles (more generally, urrents) and losed forms. Given a relative p-
yle N and a losed relative p-form (α, β) the expression
∫
N
α−
∫
∂N
β
gives a pairing between the relative homology and the relative de Rham
ohomology of G modulo Q.
Therefore we see that the quantity C in equation (3) is preisely
the result of the pairing between the relative 3-yle Z and the rela-
tive 3-form (H,ω)/2π. Demanding that C be integral for all relative
yles Z is simply the requirement that the relative ohomology lass
[(H,ω)]/2π ∈ H3(G,Q;R) be integral, whih is preisely the anel-
lation of the global worldsheet anomaly [17℄. Table 1 ontrasts the
topologial onditions for the existene of the quantum WZW models
with and without boundary.
2
Model Obstrution Well-denedness
WZW H2(G) = 0 [H ]/2π ∈ H
3(G;Z)
BWZW H2(G,Q) = 0 [(H,ω)]/2π ∈ H
3(G,Q;Z)
Table 1. Topologial onditions for the existene of the
quantum WZW model with and without boundary.
In a theory of strings propagating in a Lie group, we want both losed
strings propagating in the bulk and open strings with ends in the D-
branes. Therefore onsisteny of the theory requires that both the
WZW model and the boundary WZW model should be well-dened.
This means that both H2(G) and H2(G,Q) should vanish; and that
both [H ]/2π ∈ H3(G;R) and [(H,ω)]/2π ∈ H3(G,Q;R) should be
integral lasses.
2
This table possibly suggests that the boundary WZW model should be renamed
the relative WZW model. Alas we have not been able to reah an agreement on
this point.
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2.3. D-branes in WZW models. An interesting lass of D-branes
whih are by now well-understood are those where the D-submanifold
Q orresponds to a (possibly twisted, shifted) onjugay lass. These
D-branes are speial in that they preserve not just onformal invariane
but also (one half of) the innite-dimensional symmetry urrent algebra
of the WZWmodel. They are desribed in terms of the following gluing
onditions:
J = RJ¯ , (4)
where J = −∂gg−1, J¯ = g−1∂¯g and R is a metri-preserving automor-
phism of the Lie algebra of G. This type of gluing onditions desribe
[11, 12, 13, 14℄ D-branes whose worldvolumes lie on twisted onjugay
lasses
Cr(g0) :=
{
r(g)g0g
−1 | g ∈ G
}
,
where r : G → G is the metri-preserving automorphism of G whih
integrates R.
Two metri-preserving automorphisms r and r′ whih are related
by an inner automorphism, yield twisted onjugay lasses Cr(g0) and
Cr′(g0) whih are simply shifted relative to eah other. Hene in this
sense these types of D-submanifolds are lassied [22℄ by the group
Outo(G) of metri-preserving outer automorphisms of G, whih is de-
ned as the quotientAuto(G)/Inno(G) of the group of metri-preserving
automorphisms by the invariant subgroup of inner automorphisms.
As shown in [11, 16, 7℄ there is a natural 2-form ω on eah twisted
onjugay lass Cr(g0) suh that dω agrees with the restrition of the
3-form H to Cr(g0). This 2-form is obtained by demanding that the
boundary onditions assoiated to the gluing onditions (4) and the
ones oming from the sigma model desription of the WZW model
oinide.
3. Flux quantisation and D0-harge
The issue of ux quantisation and the denition of the D0-harge
for D-branes in Lie groups has generated a great deal of interest re-
ently. The existene of a U(1) gauge eld on the D-brane whose ux
is quantised was assumed in [1, 3℄, in order to disuss the stability and
D0-harge of the D2-branes in SU(2). Alternatively, it was shown in
[7℄ that both the stability and the various D0-harges of this type of D-
branes an be analysed without having to rely on the existene of a U(1)
gauge eld on the D-brane, by dening all the relevant quantities in
terms of the globally dened gauge invariant elds H and ω. The en-
tral onept in this approah is the global worldsheet anomaly, whose
vanishing explains both the disrete spetrum of stable D-branes and
the quantisation of a suitably dened D0-harge. However one question
9remains: Does the vanishing of the worldsheet anomaly atually imply
the quantisation of a U(1) gauge eld ux on the brane?
This question is symbolially enoded in the following identity:
∫
Z
H −
∫
S
ω
?
=
∫
S
F ; (5)
where the preise denition and geometrial nature of the eld F in
the right-hand side have hitherto remained somewhat obsure. The
purpose of this setion is to shed some light on this hypothetial equiv-
alene.
Before going into any systemati analysis let us make a rather simple
but instrutive remark. The left-hand side of equation (5) depends not
only on S but also on Z, whereas the right-hand side depends on S
and on F . Given an S and a Z, it is possible to nd an F suh that
the identity in (5) holds; but this F will depend on Z. The existene
of one F for whih this identity holds irrespetive of Z, means that the
Z-dependene of the left-hand side is only apparent and this imposes
a ondition on H . To see this let Z ′ be another submanifold with
boundary S. The identity in (5) would result in the following ondition
on H ∫
Z−Z′
H = 0 ,
where Z − Z ′ is a 3-yle, and this would imply that H is exat. This
suggests that when H is not exat, the identity in (5) will not hold for
a xed F .
3.1. A line bundle on the D-submanifold. Clearly, the strong ver-
sion of the statement enoded in (5) would be to have a line bundle
on the D-submanifold whose Chern lass is equal to the relative lass
dened by the elds H and ω. As we now explain, there are onditions
under whih the relative lass represented by (H,ω)/2π is equivalent to
an integral lass in H2(Q); that is, to the Chern lass of a line bundle
on the D-submanifold Q. In this ase, C in (3) an be understood as
the ux of F/2π, where F is the urvature on the line bundle.
Indeed, suppose that H = dB is exat. This does not mean that the
relative oyle (H,ω) is a oboundary. Indeed, the oyle ondition
simply says that ι∗H = ι∗dB = dω on Q, whene the 2-form F =
ι∗B − ω dened on Q is losed and denes a lass in H2(Q). If W is
any 3-dimensional submanifold of G whose boundary ∂W is ontained
in Q, then using Stokes we have that
∫
W
dB −
∫
∂W
ω =
∫
∂W
F ,
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and hene integrality of [(dB, ω)]/2π ∈ H3(G,Q;R) is preisely the
integrality of [F ]/2π ∈ H2(Q;R). 3 This is equivalent to the existene
of a line bundle on Q whose urvature is F and whose rst Chern lass
is [F ]/2π.
Furthermore, the onverse is also true and a relative lass [(H,ω)]
in H3(G,Q) omes from a lass in H2(Q) only if the integral lass
represented by H/2π is zero. 4 This is a onsequene of the exat
ohomology sequene (see, e.g., [21℄)
· · · → H2(G)
ι∗
−→ H2(Q) −→H3(G,Q) −→H3(G)→ · · · (6)
Indeed, onsider a relative lass [(H,ω)]/2π in H3(G,Q). By exat-
ness at H3(G,Q), suh a lass omes from a lass in H2(Q)that is,
is in the image of H2(Q) → H3(G,Q)if and only if it is the kernel
of H3(G,Q) → H3(G); in other words if the lass [H ]/2π in H3(G)
vanishes.
In other words, we an understand the integral ohomology lass in
H3(G) represented by H/2π as the obstrution to dening a line bundle
L on Q whose rst Chern lass obeys c1(L) = [(H,ω)]/2π. From this
it follows in partiular that, for a ompat semisimple Lie group, there
is no line bundle on a D-brane desribed by a onjugay lass.
3.2. Loal onsiderations. It is important to remark that even if H
is not exat, its restrition to M is. This follows from the fat that a
top form on a manifold with nonempty boundary is exat, and the fat
that H is a 3-form and M is a 3-manifold with nonempty boundary
g(Σ)∪∂D. Therefore there exists a 2-form B on M suh that H = dB.
This means that there is a losed 2-form F = B−ω on D suh that the
equation (5) is satised. The triviality of H3(M) is true also in integral
ohomology, therefore there is a line bundle on D whose urvature is
F , and the integrality of C is the quantisation of the ux of F . It is
important to emphasise that this line bundle is dened on D and not
on all of Q. In other words, whereas ω is intrinsi to Q, B is intrinsi
to M and hene F is only dened where both of these quantities make
sense; that is, on D = M ∩Q. This seems to suggest a physial piture
of the U(1) eld on the brane being due to the ends of the open strings
ending on the D-brane and hene existing loally near them.
It might be illuminating to ompare this with the ase of the standard
WZW model. Although H is in general not an exat form on the group
G, it again beomes exat when restrited to M , the 3-dimensional
submanifold of G whose boundary is ∂M = g(Σ). This means that
3
Stritly speaking, the above equality only proves that [F ]/2pi is an integer on
those 2-yles in Q whih bound in G. Sine we are assuming, for onsisteny of
the WZW model that H2(G) = 0 this is true for all 2-yles on Q.
4
Notie that this is stronger than the fat that H should be exat, sine this only
means that the lass [H ]/2pi is torsion. Of ourse, if G is simply onneted, G is
homotopy equivalent to a produt of odd spheres and hene H3(G) has no torsion.
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there is a 2-form B in M whih satises H = dB there. In terms of
this form, the ation an be written in a manifestly loal way [19℄, sine∫
M
H =
∫
M
dB =
∫
g(Σ)
B =
∫
Σ
g∗B . (7)
Notie that B is not generally the restrition to M of a 2-form dened
on the whole group, as this would require H to be exat.
3.3. D0-harge. Several denitions of the D0-harge have been pro-
posed reently. The piture that begins to emerge is that one an in
fat introdue several D0-harges [6℄, distinguished not only by their
form but also by their spei properties (e.g., gauge invariane, quan-
tisation). In the sigma model framework one an dene at least two
types of harges: the so-alled brane soure harge introdued in [1℄,
whih is gauge invariant but not quantised, and a Page harge [5, 7℄
whih is gauge invariant (at least innitesimally) and quantised.
5
The brane soure harge an be written as the integral of the two-
form ω on a 2-yle of the D-submanifold. It is in general not onserved
beause ω is not losed. Nevertheless its nononservation is to a large
extent under ontrol sine dω = H . In fat this very relation suggests
us a way of modifying the brane soure harge in order to obtain a on-
served quantity, whih turns out to be nothing but C. This proedure
is reminisent of the way one onstruts the Page harge in supergrav-
ity. Notie however that, as we pointed out before, C depends not only
on H , ω and S ⊂ Q, whih desribe the given D-brane onguration,
but it depends also on Z, the 3-submanifold of G with boundary S.
An alternative way of motivating the denition of the (Page) D0-
harge in terms of the quantity C in (3) is the following. We have seen
that C agrees, when H is exat, with the normalised ux of a U(1)
gauge eld F on Q. It is therefore natural in this ase to identify C
with the D0-harge of a region S ⊂ Q:
∫
S
F/2π. This point of view led
in [7℄ to the proposal that the expression for C in equation (3) should
be understood as a ovariantisation of
∫
S
F/2π in the ase where H is
not exat. However, as noted above, this expression depends on Z, the
3-submanifold of G with boundary S.
Physially the D0-harge of the region S should not depend on Z.
However, as we saw above, the dierene in the harges omputed by
Z and Z ′ is the integral of H/2π on the 3-yle Z − Z ′ of G. For G a
ompat simple Lie group, H3(G) ∼= Z. Therefore if the 3-yle Z −Z ′
is mapped to n under this isomorphism, one has
1
2π
∫
Z−Z′
H = n k ,
5
There is a third type of harge, the Maxwell harge, whih is omputed in [3℄
and whih agrees with the Page harge in the ase of D2-branes in the WZW model.
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whih is always a multiple of the level k. Therefore, if we insist in the
Z-independene of the D0-harge, we must dene it to be given by C
(with an appropriate normalisation) and redue it modulo k. In other
words, the D0-harge is the image of [(H,ω)]/2π under the natural map
H3(G,Q;Z)→ H3(G,Q;Zk) indued by redution modulo k.
In [7℄, for the speial ase of G = SU(2) this modularity was found
to be onsistent with the fat that the D0-branes sitting at the points
in the enter of the group should arry the same harge. This modu-
larity of the D0-harge was also observed in [8℄ in the ontext of the
supersymmetri WZW model, where the level is shifted to k + 2 for
G = SU(2).
For a ompat semisimple Lie group G =
∏n
i=1Gi, with Gi simple
and with level ki, the same argument implies that the D0-harge should
be dened modulo the greatest ommon divisor k = gcd(k1, . . . , kn) of
the levels. Notie that this has the property that if two of the levels
are oprime, then the harge is always zero.
Dening the harge in this way also has the virtue that the hypo-
thetial equality in (5) beomes an honest equality modulo k. In this
way, one ould still obtain the D0-harge from the ux of a (loally
dened) U(1) gauge eld, sine the hange in the ux on overlaps is a
multiple of k and hene not seen by the harge.
3.4. Gerbe interpretation. The fat that there is no anonial line
bundle on the D-submanifold should not ome as a surprise. At the
heart of the WZW model is an integral lass in H3(G), whih should
alert us to the existene of an underlying gerbe (see, for example, [23℄).
Gerbes are the third member in an innite sequene of objets, whose
rst two members are smooth irle-valued funtions and line bundles,
respetively. They are an attempt to geometrise integral lasses in H3
in roughly the same way that line bundles geometrise integral lasses
in H2. There are several dierent desriptions of gerbes.
One suh desription is in terms of line bundles on the loop group
of G. By transgression (see, e.g., [24℄) integral lasses in H3(G) are
in bijetive orrespondene with integral lasses in H2(LG), where LG
is the loop group of G. Therefore one an understand a gerbe in G
as a line bundle on LG. This desription is useful in disussing the
funtional integral approah to the WZW model [16℄. This line bundle
an be trivialised loally on the subspae LQ ⊂ LG orresponding to
loops in the onjugay lass; but trivialising a gerbe does not give rise
to a line bundle on Q.
To see this one needs a dierent desription of a gerbe, in terms of
(loally dened) line bundles on G [25℄. Suppose that U = {Uα} is
an open over for G suh that the restrition of the 3-form H to Uα
is exat: H
∣∣
Uα
= dBα. The gerbe on G haraterised topologially by
the integral lass [H ]/2π in H3(G) an be dened by speifying a line
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bundle Lαβ on eah double intersetion Uα∩Uβ , an isomorphism Lαβ ∼=
L−1βα, and some further onditions in triple and fourfold intersetions
whih will not onern us here. These line bundles ome equipped
with a natural onnetion whose urvature is given by fαβ = Bα−Bβ .
Now let V = {Vα = Uα ∩Q} be an open over for Q indued from
the one for G. On Vα dene Fα = Bα−ω, sine the 2-form ω is globally
dened on Q. Clearly dFα = 0, and it is this that is interpreted as the
urvature of the hypothetial line bundle on Q. However the urvature
is not globally dened on Q: on Vα∩Vβ , Fα−Fβ = fαβ . If the lass ofH
is nontrivial, neither is fαβ and Fα and Fβ are therefore urvatures on
topologially dierent line bundles. This means that the line bundles
of whih the {Fα} are the urvatures do not path up to a global line
bundle.
Let us illustrate this forG = SU(2) ∼= S3, whereQ ∼= S2 is a spherial
onjugay lass. It separates G into two hemispheres G± with ommon
boundary Q. Let U± be open sets dened as the omplement of hosen
points in the interior of G∓ respetively. For example, if we think of
Q as a parallel, we an take U+ to be the omplement of the south
pole and U− to be the omplement of the north pole. The intersetion
is U+ ∩ U− ∼= Q × R. On U± we have H = dB±, and on U+ ∩ U− we
have B− − B+ = f+−, whih is the urvature of a line bundle dened
on Q × R. The restrition of this line bundle to Q is topologially
nontrivial provided that H is as well.
Q
W+
W−
Figure 3. Two ways of omputing the D0-harge of a
spherial D2-brane Q in SU(2).
To see this, let W± be losed sets ontained in U± overing G and
suh that W+ ∩W− = Q as shown in Figure 3. We then integrate to
nd: ∫
G
H =
∫
W+
H +
∫
W−
H =
∫
Q
B+ −
∫
Q
B− =
∫
Q
f+− .
Sine
∫
G
H = 2πk, it follows that the rst Chern lass of the line bundle
whose urvature is f+− is k times the generator of H
2(Q) ∼= Z. This
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provides another way to understand why for the SU(2) D2-branes, the
ux is only dened modulo k.
4. Conlusions
In this paper we have re-examined the issues of D0-harge and ux
quantisation in the ontext of D-branes in WZW models. We have
started by studying the topologial onditions neessary for the ex-
istene of a onsistent theory of open and losed strings propagating
on a Lie group. The topologial onditions are phrased naturally in
terms of the (relative) ohomology of the Lie group modulo the D-
submanifold on whih the D-branes wrap. Table 1 summarises these
onditions. The upshot is that that both H2(G) and H2(G,Q) must
vanish and that not just must the NS 3-form H/2π represent a lass
in H3(G;Z), but also the pair (H,ω)/2π must represent a lass in the
relative ohomology H3(G,Q;Z).
For G be a ompat simple Lie group and k the level of the or-
responding WZW model, the D0-harge is the lass in H3(G,Q;Zk)
indued by the redution modulo k of the relative lass represented by
(H,ω)/2π in H3(G,Q;Z). We then showed that the lass in H3(G;Z)
represented by H/2π is the obstrution to the existene of a line bun-
dle on Q whose rst Chern lass indues the relative lass [(H,ω)]/2π.
Hene if H is not ohomologially trivial, there is no anonial line
bundle on Q, and hene no U(1) gauge eld whose ux omputes the
D0-harge. Instead we have a family of (loally dened) line bundles
on Q, interpreted as a trivialisation on Q of the gerbe whose hara-
teristi lass is [H ]/2π, whose Chern lasses are equivalent modulo k
and suh that they agree with the D0-harge. We onlude therefore
that for nontrivial H , there is no line bundle on the D-submanifold
and hene no assoiated U(1) gauge theory on all of Q. Nevertheless
there are loally-dened line bundles and gauge elds whose uxes are
quantised (and dened modulo k) in suh a way that they agree with
the D0-harge.
This loal piture of the gauge theory suggests a physial situation
in whih the gauge elds are indeed generated loally where the strings
hit the D-brane, but in suh a way that they path up globally only
modulo k. It would be nie to have independent onrmation of the
modularity of the D0-brane harge.
Although we have onentrated in the WZW model, where G is a Lie
group, many of the results in this paper are valid in more general situ-
ations where G is a riemannian manifold with a nontrivial NS 3-form.
The question of the nature of the gauge eld on the D-submanifold
in the presene of a nontrivial NS 3-form has been studied also in
[17, 26, 27℄ and our work gives a omplementary perspetive on this
issue.
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